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Quadruple integral equations for the charged disc and coplanar annulus

by

N.M. Temme & R. de Bruin

ABSTRACT

The axisymmetric potential problem for a planme circular electrode of
radius a and a concentric annulus b < r < ¢ (a<b) is formulated in terms of
quadruple integral equations for the Hankel transform of the potential, and
reduced to a single Fredholm equation. For small or large values of some com-—
binations of the geometrical parameters a, b and c this equation is solved

asymptotically.

KEY WORDS & PHRASES: Quadruple integral equations, Hankel transforms, charged
dise, Fredholm integral equation, mixed boundary value
problem







1. INTRODUCTION

The potential problem is formulated as follows: Find the solution of

Laplace's three dimensional equation
(r.1n A¢ = O

in the half space z > 0, with prescribed values of ¢ at z = 0 at the disc
r < a and at the annulus b < r < ¢, a < b, and with zero values of 3¢/3z at
the remaining parts a < r < b, r > ¢ of the z = 0 plane.

We pose the problem with symmetry about z = O and we write the poten-
tial ¢(r,z) as the Hankel transform of an arbitrary function A(£) in the

form

@

-IZIEdg’

(1.2) ¢(r,2) = | £ A(®)I (En)e
0

which is a solution of (1.1) with cylindrical symmetry, and is symmetrical

about z = 0. A(Z) is to be determined from the boundary conditions on the

plane z = 0, namely

¢(r,0) = V] 0 <r«<a
é.g_(gr_’.?_). =0 a<T<b
Z iz=0
¢(r30) =V3 b <r«<e
3¢ (r,2z) -0 ¢ <1,
3z
z=0

where the given values VI and V3 are not depending on r and have opposite

signs. The above mixed boundary value problem leads to the quadruple inte-

gral equations with unknown A(£):

(1.3a) J g—]A(E)JO(Er)dg = V] 0 <r«<a
0




(1.3b) A(E;)JO(F,r)dE; =0 a<r<b

(1.3¢) E—IA(E)JO(Er)dE =V, b<rc<c

(1.34) A(E)Jo(gr)dg =0 ¢ <r.

oO—— 8

As is well known, these four equations for A(Z) can be reduced to a
single Fredholm equation for a function related to A(E), from which A, and
hence ¢ of (1.2), can be obtained. It is not possible to solve this Fredholm
equation explicitly. Therefore we imvestigate it for limits of some combina-

tions of the parameters a, b and c. That is, we write
(1.4) a=¢b, c¢c=(1+b, 0 <e <1, p>0

and we consider the Fredholm equation for € = 0 or € - 1 and for u > O or
U - o and for combinations of € and u limits. It is possible, by scaling of
r, to fix the value of b.

We give two different methods for obtaining the Fredholm equation; each
method gives a different type of equation for a different function. The first
method can be found in the literature, see, for instance, GUPTA & CHATURVEDI
(1970) and COOKE (1972). In both papers a more general set of equations is
considered, that is, with more general functions in the right-hand sides of
(1.3) and with Bessel functions Jv(gr) with general order v.

Cooke solved the equations by using the so-called Erdélyi—<Xober opera-
tors, which are in fact generalizations of the operators associated with the
Abel integral equations. In this paper we do not use these operators. We
translate the results of GUPTA & CHATURVEDI (1970) for the special case con-
sidered here and we modify the resulting inhomogeneous Fredholm equation
somewhat. This will be done in Section 2. In Section 3 we derive a homogen-—
eous Fredholm equation, which appears to be a good starting point for obtain-
ing asymptotic solutions. In Section 4 we give a Fredholm equation of the

first kind and the asymptotic expansions (based on the results of Section 3)




will be considered in Section 5. It turns out that the asymptotic solutions
for the several cases can be given in terms of the complete elliptic integral
of the first kind. The methods are based on the papers by SPENCE (1970),
(1971).

Acknowledgement. We are indebted to Dr. A. van Oosterom (Laboratory of Medi-

cal Physics, University of Amsterdam) for suggesting the investigationm.
2. AN INHOMOGENEOUS FREDHOLM EQUATION OF THE SECOND KIND

In this section we summarize the results of GUPTA & CHATURVEDI (1970)
for the solution of (1.3).

It is convenient to introduce the functions

V(r) = ¢(r,0, () = - a(b(arz,Z) .
z=0

We consider the restrictions Vi’ ji of these functions on the four intervals
I] = (0,a), 12 = (a,b), I3 = (b,c), I4 = (c,®) .

Then V], V3, j2’ j4 are known and V2, V4, jl’ j3 are to be determined. We

have
v(r) = J £ A®E) I (Er) d,
(2.1) 9
(o) = J AR) I, (Er)de.
0

Hankel inversion gives

a (e
(2.2) A(E) = ¢ J rjl(r)Jo(Er)dr + £ J rj3(r)J0(€r)dr
0 b

and substitution of this in the first equation of (2.1) yields
a c

(2.3) V(p) = J rjl(r)L(r,p)dr + f rj3(r)L(r,p)dr,
0 b
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where
' _ 2 2Vxy
(2-4) L(rsp) = J JO(XI)JO(XQ)dX = TT(X+y) K(X+y)
0 .
min(r,p)
_2 ds
== .

0 /sz-sz)(yz-sz)

K is the well-known elliptic integral of the first kind. A first result of
GUPTA & CHATURVEDI (1970) is (see their formula (5.7))
) ¢ tj3(t)¢t2—a2
(2.5) i () = ———[v, - dt]
1 1 2 2
2 t-r

il az—r b

which expresses the unknown jl in terms of the unknown j3 and from which

follows the type of singularity of j](r) for r ~ a. We have

2V1
[1+0(1)], - a.

i) =
2 2
m/a -r
It is interesting to compare this result with the case of the absent annulus.
The known solution of this much simpler problem is
2v
¢O(r,2) = — arcsin z(a),
(2.6)

£(t) = 2t ,

/;2+(t+r)2 + /£E+(t—r)2

from which follows that

Vl’ 0<r<a
— arcsin (a/r), a<r

3 (r,z) 0, 0O<r<a
z=0 %_ 1 s a<r




Hence, in our case, the charge density jl(r) has the same type of singularity
at r = a as jo(r) of the simpler problem. It follows from (2.5) that the dif-
ference is just an integral over the annulus. More analogues between the two
cases will follow from the results of Section 3.

The next result in GUPTA & CHATURVEDI (1970) (see their equation (5.17))

is the inhomogeneous Fredholm equation

c
2.7) m(s) = f(s) - (%)2 J m(u)K(u,s)du, b<s<e,
b
where
¢ rj4(r)
(2.8) m(s) = J-————— dr, b <s <ec,

S vrz-sz

2 . a 2 a /sz—‘b2
f(s) = ——— [VSA—FV1 arc31n.'gi + -V, arcsin EE ;7:;5],

S
Vsz—b2
2.2 2.2
K(u,8) = —2— T /52 L) -/ 1),
b u -b

2(u2—s2) s -

fn (t+b) (t-a)

L(t) = (t-b) (t+a) °

=

The kernel K(u,s) of (2.7) is symmetric in u and s and it is singular at the
boundary of the square b < s £ ¢, b < u £ ¢ in the (s,u)-plane. By inverting
the Abel equation (2.8), see (2.11), we obtain

c
(2.9) rj4(r) =‘%%f%ds’ b<rc<e,

r Vs -r
from which the functions in (2.5), (2.3) and (2.2) can be computed.

It is possible to give a Fredholm equation of the first kind for j3(r)
itself. This will be done in Section 4. To conclude this section we modify
(2.7) into a somewhat simpler form.

To do so, we remark that a necessary condition for convergence of the

integral in (2.7), at u = b is




1lim m(u) \/uz—b2 = 0.

uvb

Hence, by multiplying (2.7) by »/sz-b2 and taking the limit s¢b we obtain

C

4 (u) 2y a
— f mu) L(u)du = s[VS—T arcsin :b-].
m b Vuz--b2

Using this in (2.7) we find

2v /2 2
ms) . L are sin[%- £

)
gz_bz T gZ_bZ s -a
(2.10) .
_‘%J m(u) UL - (L(s)]du.
L @2_b2 2(s"=u")

A similar kernel occurs in the next section (see (3.21) or (3.23)).

The Abel equations used in this paper are of the form

X
[ 2 2
a vx -t
(2.11a) a<x<bhb
b
g (x) =J £(8) 4t

X Vtz—-x2

with the respective solutions

t
fry =24 | 20 4
m dt /55
a vyt -x
(2.11b) a<t<b
b
£(t) = —-f?-(f—tf—i——x () gy

t Vtz—xz

where g and g' are supposed to be continuous on (a,b).

3.1. Homogeneous Fredholm equations of the second kind

We write the unknown function A of (1.2) and (1.3) in the form




<

(3.1) A(®) = J B(t)sin&tdt,
0
where B is to be determined. The restriction of B on the four intervals
(0,a), etc., are labelled B](t), etc. In this section we show that Bl and B4
vanish identically on (0,a), (c,~) respectively, and that B2 and B3 can be
obtained by solving a homogeneous Fredholm equation of the second kind.
By using (3.1) and (see GRADSHTEYN & RYZHIK (1965), 6.752(1))

J £ J (Er)e s1n£td£ arcsin z(t),

0
where z(t) is defined in (2.6), we can transform (1.2) into
(3.2) ¢(r,z) = J B(t)arcsin r(t)dt.

0

This integral reduces to a finite integral over (a,c) since, as will be
shown, B vanishes outside this interval. Moreover, (3.2) does not contain
the Bessel function Jo(x). This simplifies the computations when ¢ is to be
evaluated numerically. We proceed with the construction of the equations
for the functions B

From (3.2), or by substituting (3.1) into (2. 1), we obtain

o<}

v(r) = J B(t)H(r,t)dt
0
(3.3)
j(x) = J B(t)G(r,t)dt
0
with
1 .
E'ﬂ ift=zr>0
(3.4) H(r,t) = { ,
arcsin t/r if 0t < r
0 if r>t=220
(3.5) G(r,t) =

1/1/t2-r2 if t>r >0




It follows that

min(t,r)

(3.6) H(r,t) = J dy
73
0 r -y

Substituting this formula into the first of (3.3) and interchanging

of integration, we obtain

r
(3.7) V(r) = Jf—(ﬂ@l , t>0,
Va
oVt Ty
with
(3.8) F(y) = j B(t)dt, y > O.

y

This result also follows from partial integration of (3.2) at z = 0.

Inverting the Abel equation (3.7) we find, using (2.11),

y

d rv(r)
Iy [ dr, y > 0.

3 [t

(3.9) F(y) =

the order

y -t
When we take y < a in this integral then V(r) = V,> see (1.3a), and thus we
obtain
y
2V 2V
(3.10) F(y) -14 de_ 1. constant, 0 <y < a.
ndy ) T
0 vy -r
Hence

dr(t)

Bi(t) = - =5

= 0, 0<t<a,

Furthermore, (1.3d), (3.3) and (3.5) give for r > ¢

f B(t)G(r,t)dt = f B4(t) dr _ . 0,
/2 2
0 r t-r

hence

BA(t) =0 on (c,»).



Consequently, using (3.8) we find
F(y) =0, y»>ec.

Incidentally it follows that (3.1) can be replaced by
c
(3.11) A(E) = J B(t) sinftdt
a
and in (3.2) the integral can be taken over (a,c) as well.
Up to now we used the boundary conditions (1.3a) and (1.3d), with the

results B1 = B4 = 0. As an extra result we obtain from (3.8) and (3.10)

ENIN

v

C
a

which gives a normalization for the functions B2 and B3.

For a < r < ¢ we have

T c
(3.13) V(r) = J B(t)arcsin(t/r)dt + % T J B(t)dt.
a r
Hence, in view of (3.12), we have
T
Vz(r) =V, - J Bz(t)arccos(t/r)dt, a<r<b,
a
T c
V3(r) = J B(t)arcsin(t/r)dt + %-n J B3(t)dt, b<rc<e,
a r

where we used (3.12). Since Vz(b) = V3, a second normalization follows from
b

(3.14) J B3(t)arccos(t/b)dt = V] - V3.
a

Approximations for Bz(t), given in Section 5, have a fixed sign on (a,b);

in that event they have the sign of v, - V3, as follows from (3.14). Thus

Vz(r) is a monotonous function on (a,b). For r > c we have

c
(3.15) V4(r) = V3 + f B(t)[arcsin(t/r) - arcsin(t/c) ldt,
a
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which equals Vy at r = c.

Differentiating (3.13) with respect to r, b < r < ¢, we find

T
(3.16) J FB(t) dt =0, b<rc<e.
2 2
avr -t

Finally, using (3.3) and (1.3b), we obtain

Cc
(3.17) J B(t) 4¢ =0, a<r<b.
T

2
t -r

N

From (3.16) and (3.17) and the normalization in (3.14) the functions B2 and

B., can be obtained. Let us first write (3.16) and (3.17) in the form

3
T B, (0) f B, (1)
[ dt = - J dt, Db<r<eg,
b rz—t2 a 1/r2—t2

(3.18)

c
[ 2D - [ 28
r r’tz-—r2 b /QZ_rZ

giving two Abel equations. Inversion yields
9 ¢ B3(T)VT2—b2
B, (t) <t
2 2 2

ﬂ#bz—tz b
b TBZ(T)VbZ—T2

By(t) = = f 73
t -1

thz—bz a

Substituting these relations into each other we obtain two homogeneous

dt, a<r«<hb,

dt a<¢t«<b,

(3.19)

drt b<t<e.

Fredholm equations of the second kind

b
(3.20) g(t) = f% J y(s)K,(s,t:b,c)ds, a <t <b,
m a
with
y(6) = B,(e) oPet?
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R S c=s b¥s _ o=t bit
(3.21) K,(s,t;b,c) 2(32_tz) [tfh~c+s b=s ~ S poed
and
[
(3.22) z(t) = l% [ z(s)K5(s,t3a,b)ds, b <t <ec,
™
b
with
2(t) = By(e) e’
(3.23)
. _ 1 s+b s-a _ t+b t-a
KB(S’t’a’b) 2(t2_52) [sn s=b s+a tfn t-b t+a]'

The normalization for the solutions y and z of these equations can be ob-
tained from (3.15) and, for instance, from
b
_ 2 ty(T)
(3.24) z(t) = - > dr.

t -1

3.2. Similarity aspects of the equations and their solutions

In Section 5, asymptotic solutions of the equations (3.20) and (3.22)

are given for e -+ 0, ¢ » 1, u > 0, y > », where ¢ and u are defined in (1.4).

In the asymptotic analysis we can fix the parameter b. This follows from the

following lemma.

LEMMA 1. Lety(t;a,b,c) be a solution of (3.20). Then ;(t) = vy(At;Aa,Ab,Ac)
is also a solution, where v and A are arbitrary real numbers (A# 0).

]

PROOF. Let v (o) y(03a,B,y) denote the solution of the equation
B8
y(r) = J y(0)K,(0,738,Y) do,
a
where o = Xa, B = Ab, vy = Ac (A € R, A # 0). Writing 0 = As, T = At, we de—
duce that y(At) is a solution of (3.20), which is denoted by y(t;a,b,c).

This proves the lemma. [J
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There is also similarity between the equations (3.20) and (3.22), and
between their solutions. The next lemma shows that, up to a transformation,
(3.20) and (3.22) are the same.

LEMMA 2. Let z(t;a,b,c) denote a solution of (3.22). Then

. -V ,(bB.bE b8
(3.25) y(t,a,b,c) = Z(t’ e s B s a)3

ct

where v and B are arbitrary real numbers (8# 0), s a solution of (3.20).

PROOF. Let us write in (3.20) s = Ab/o, t = Ab/T, X € R, A # 0. Then we ob-
tain
Ab/a
u(t) =-é§ J u(o) ! [o4n 222 OXX _ Tﬂnl;g-liild
oA

2(c _OZ)L ota o=\ T+a T—

where o = Ab/c and u(t) is given by tu(t) = y(Ab/13a,b,c). With X = B,
= Ab/a this equation is of the form of (3.22), i.e., u(t) = z(t30,B,Y),

from which the lemma follows. [J

Lemma 2 is useful in the investigation of the asymptotic expansions.
For instance, if we consider (3.20) with a = ¢b, € = 0, then we cover also

the analysis for (3.22) with ¢/b » «.

A remarkable situation occurs when the parameters a, b and c are such
that

(3.26) b~ = ac.

In this situation we can choose the free parameter B such that (3.25) be-—

comes (with B = b)
v 2
y(t;a,b,e) = ¢ z(b"/t;a,b,c).

Proceeding with this special situation we deduce that B2 and B3 are re-

lated to each other according

By (1) = 4B, (b7/1)
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for some U not depending on T. Substituting this in the second equation of

(3.19), we find the rather simple equation

2 2
(3.27) g(o) = ;~Ac { ~§£%l§ dt,
1-c™ 1

a/b

with

ch(bo)»/l—o2

g(o)

under the assumption (3.26); X is some real parameter. An explicit solution
of (3.27) is not known to us. However, the equation

& (1)

2 2
(3.28) go(c) ——1'T'O' [Td'[
0 I-t o

is considered in Section 5. The solution of this equation is

=t
2

(3.29) go(c) = .

1-o

It is expected that the solution of (3.27) can be described in terms

of go(o) when small values of a/b = b/c are considered in a perturbation
analysis. Also, it is expected that A of (3.27) will approach 1 in that

event.
4. A FREDHOLM EQUATION OF THE FIRST KIND

In this section we derive an equation for the function j3(r) introduced
in Section 3. In that Section the problem was solved by the equation (2.7)
(or (2.10)) for the function m(s) defined in terms of j3(r) in (2.8). It is
useful to have an equation for j3(r) itself.

Starting point is (2.5), which is written as
. 2
4.1 5 = 2 v I/a*e?,  0<o < a,

defining the function h(p) as




14

dr.

9 ¢ rj3(r)¢r2—a2
(4.2) h@)=—?J =

b
From (2.3) it follows that

a

a
Wﬂ=2V1J : L@mMo+JﬂﬁlLumwo
0

? /2 2

0 va"-p a -p
(4.3)
c
+ f pi5(PIL(x,0)de
b
with L(r,p) given in (2.4). The first integral is easily computed. It reduces
to
ar oo
2 o _
=V, | ——— | J, (Ep)I, (Ex)dEdp =
T 1] 55 | 0 0
0va™=p O
o a
2 ( )
Zv J (gr) J (Ep)dpdE =
m 1] 0 ) 53 0
0 0 Ya —p
v . 0<r<a
2 sinfa !
-1-1‘- V1 JO(EI‘) —_F:_— dg = )
0 E»VI arcsin(a/r) if r = a

where we used well-known relations for the Bessel functions (see, for in-
stance, GRADSHTEYN & RYZHIK (1965, 6.554(2) and 6.693(1)).
The second integral of (4.3) gives

Cc a

—% J tj3(t)r/t2—a2 pL(r,0) dedt =
b
C

0 /az_pz(tz_pz)
- —2-J ti, (£)N(t,r)dt
T J3 ’ b
b

where for r > a
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N(t,r) =

ENEN]
ot
i
m

ERIN)
)
I
Yy

(4.4)

a
! J pdp ds =

a ¢]
| == | i
0 az—pz(tz—pz) 0 /(rz-sz) (p"-s )
[
0 2 2s‘/(a o)(p—S)(t-p)

ds

0 /Erz—sz)(tz—az)
So, for b < r < ¢, (4.3) can be written as
c
. 2 .2 ,
J DJ3(O)[L(r,D)-;;N(r,p)]dp =V, ==V, arcsin a/r.
b

Using (4.4) and (2.4), we obtain for r > a, p > a

min(r,p)

N

M(r,p) = L(r,p) - "'12;‘ N(r,p) == I ds ’

™
a v/(rz-sz) (p 2-82)

which is an incomplete elliptic integral. The integral equation for j3 thus

becomes
C .

(4.5) %—J pj3(p)M(r,p)dp =V, —-% v, arcsin(a/r), b <r <e¢c,
b

in which the symmetric-kernel M(r,p) is singular at r = p. The behaviour of

M(r,p) for r - p is given by
1 2 2
M(r,p) = - 5 £n[r7=p"| + 0(1).

In terms of standard elliptic functions we have for r < p

M(r,0) = L EG,/e),  sim o = & /(P-ah)/ (07D,

where F(¢,k) is the well-known elliptic integral of the first kind

o sin ¢

F(6,k) = J——-—@———— - [ dx .

0 V]—kzsinza 0 /Ql—xz)(l—kzxz)

For a = 0, M reduces to the complete elliptic integral.
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5. ASYMPTOTIC EXPANSIONS OF SOLUTIONS

In this section we consider limit solutions of the equations (3.20) for
a~>0, a>b, c>b, ¢c »>», From Lemma 1 of Section 3.1 it follows that we
can fix the parameter b. From Lemma 2 we can derive equivalent results for
the solution of (3.22). However, in some cases it is better to use the second
of (3.19). After normalizing the asymptotic solution of (3.20) by using
(3.14) the proper normalization of 33 is thus obtained at the same time.

Let us introduce new parameters €, U by writing
(5.1) a = ¢b, c = (1+wb, 0<eg<1, u>0.

Then (3.20) becomes with u(g) = y(bg)
1

2 u(n) 1+pu-n I+n 1+u-¢ 1+¢
.2 = — — -
(5.2) u(®) Y J E [££n T+u+n T-n n1)’nl+u+t£ 1 «S]d

€
We can consider this equation in the limits € -+ 0, € - 1, u =+ 0, p - =, where
€ and p limits may be combined with one another. Limiting forms of (5.2)

appear to be the two equations

v(g) = —22— { vz(n)z [E4n }+n - nlnuddm
1-g
LI -£
(5.3)
1
w(g) = -l?: f y(_i) [£n £ -£n nldn,
i 0 N

with the respective solutions (see SPENCE (1971))

__¢& 14§ _ =3 11 ...
(5.4) v(E) 5 £n 1-¢’ w(g) = ¢ 2F](5"'2"19] £).
1-g

The Gaussian hypergeometric function is in fact the elliptic integral K,
1

according to K(m) = »m ) 1(2,2, ym) .

REMARK. SPENCE (1971) introduced for the proof of the v-function the opera-
tor
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1
e - 2 [ ey

12,2
0o Y X

and he remarked that Tv(f) = v(g)/%;2 and K

T2, where K is defined by writ-
ing the first equation of (5.3) as Kv = v. His proof for the w-function is
based on Wiener-Hopf techniques and Mellin transforms. A simpler proof is
possible, however, by introducing as for the v-case a similar operator for
the w—-case. Let us define the operator

1

SE(x) = %J £(Y) 4.
0

A well-known result for the hypergeometric functions is Sf = f with £(x) =

(l-x)—%zFlé%;%;l;x). Furthermore, it is easily shown that 82 is related to

the integral operator of the second equation of (5.3).

By giving an example we will show how the analysis proceeds. We consi-
der (5.2) for u > 0, € > 1. In the analysis we restrict ourselves to first
order approximations. It is possible to give approximations of higher order.

For more information on this point see SPENCE (1971).

EXAMPLE. u > 0, € - 1, (l-€¢)/u bounded.

The transformations
n=1-1yu, §&=1=-u, u(g) = (1-up) = £(p)

transform (5.2) into

v

1 2=
@ = | KD 1 (1-up) £n 1S M
o (Pl -5ulpta) ]

- (1- l+p 2-up
(l UQ) £n P 2+u+up]dqa

with v = (1=€)/u. If vy is bounded then p, q are bounded and we obtain the

reduced equation

fO(q) I+q p
P—q q I+p

Y
1
= — dq.
0

A further transformation
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(L

. P . =X - 0 1-8¢t

1+q st, 1+ 8s, 8 T+y?° w(t) 1-8t
gives

1
_ 1 Int-£ns
w(s) = ;—2— J w(t) . dt

0
of which the solution is given in (5.3). In terms of the original variables

we have

A

1 .
/D -0 2

1 c~b t-a
Fl ("is'f: 1 ’b_a

y(t) = pmrs

b

where A is to be determined by normalization. To compute X we use (3.14) and

y(t) = Bz(t) bz—tz. This results in the equation

b 11 c-b t-a

ZFIC§;§;1;E:;-E;E)arccos(t/b)

| ‘ - Vs
a (b-t) V(b+t) (c-t)

again under the conditions € + 1, u » 0, such that y = (1-¢)/u is bounded.

Using
arccos(t/b) = 2 arcsinl/%i§

. s 1 t-a . .
and writing s = ;-E:E-we obtaln the equation

1 11, . [1=¢ I-s
ela J 2F16557’1’3)3r°51n —_—

2 l+ys
c-b

s = 1 3.
0 (1-8) ¥ l+e+ys (2+n)

For ¢ » 1, u > 0 we obtain

2(V1~V3) b(c-a)/(b-a)

T,F) Grrgs 13 (b-a) / (c-2))

(5.5) A=

where we used the known result



1

i -1 -
P J (1-x) 2 (1-2x)
,O

1

—

-1
2

1 11
2F1(§’§;];x)dx (1-2) ¢

»73152)

N

TR Gaps iz (2-1)),

(1-z)

which is also mentioned in the above remark.

Hence, a first approximation for the function B2 on (a,b) is given by

11 -b t
(5.6) B, (t) = 2V,7Vy) [ b(c-a) % oF | (35753 1,c a-gii
. 2 m(b-t) (b-a)(c—t)(b+t) . Gl~l'1 N =N .
2°1'2%2° ’¢c-a

Note that B, has a non-integrable singularity at t = b. As a consequence,
some integrals of Section 3 have to be interpreted as Cauchy principal value
integrals. The function B3 has a similar singular behaviour at the left end
point of the interval (b,c). We compute By by using the second of (3.19),

again under the conditions € -~ 1, py > 0, Y bounded. We obtain as a first

approximation

-\

(5.7) B (t) pa—

X

b-a ]% L. 1. .b-a c-ty
(c-b) (t=a) (t+b) 2 1'2°2° ’c-b t-a

where X is given by (5.5)

Remark that apart from the singularity 1/(t-b) in B, and Bj, another

(logarithmic) singularity at t = b is caused by the ,F

oF function. It is easy

to show that

Bz(b—t) L

t->0
This limit is expected for Cauchy principal value integrals as (3.1), (3.2),
(3.3), (3.8), (3.12), etc. The functions y(t) and z(t) of (3.20) and (3.22)
are integrable at t = b.
Other examples can be elaborated in the same way. For instance, the

case € ~ 1, 1 » « has the first order approximations

A 11 .. t-a

B,(t) = ——— ol
2 bty e 2 1 272
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B (1) = =2/ JF) G 1),
(a-t) (£-b) Y TE7b) (£-2)
vy
vb=a w

In the case € + 0, p » «, (5.2) reduces to the first equation of (5.3), with
solution v(§) of (5.4).
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